We present a theoretical approach to optical spectroscopy of open nonequilibrium systems, which generalizes traditional nonlinear optical spectroscopy tools by imposing charge and energy conservation at all levels of approximation. Both molecular and radiation field degrees of freedom are treated quantum mechanically. The formulation is based on the nonequilibrium Green's function (NEGF) approach and a double sided Feynman diagrammatic representation of the photon flux is developed.
Introduction
Optical spectroscopy is a standard tool for probing and controlling electronic and vibrational structure and dynamics in molecular systems. For example, attosecond pulses make real-time observation of atomic scale electron dynamics possible, 1 localized surface plasmons allow to go beyond diffraction limit achieving single-molecule sensitivity, 2 surface and tip enhanced Raman spectroscopy yields information on single molecule vibrational structure and excitations, 3, 4 tetrahertz electromagnetic radiation provides access to rotational degrees of freedom of molecules 5 and X-ray spectroscopy gives access to electronic transitions and nuclear dynamics. 6, 7 Recently, quantum effects of radiation have attracted attention as well.
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Advances in nanoscale fabrication techniques allow optical measurements in currentcarrying single-molecule junctions. In particular, bias-induced luminescence was used to observe vibrationally resolved features with sub-molecular precision, [11] [12] [13] [14] visualize inter-developed.
The structure of the paper is as follows. After introducing a model of open system subjected to quantum radiation, we consider consider diagrammatic expansion in light-matter interaction in and discuss possible generalization of double-sided Feynman diagrams. Theoretical discussion is followed by illustrative numerical simulations. We conclude with short summary and directions for future research.
Theoretical Methods Model
We consider a junction consisting of molecule M coupled to two metallic contacts L and R (each at its own equilibrium) and to external quantum radiation field modes. The system
Hamiltonian isĤ
whereĤ 0 represents uncoupled molecule (Ĥ M ), contacts (Ĥ L andĤ R ), and radiation field (Ĥ rad ), whileV gives the interaction between the sub-systems. The molecular Hamiltonian H M is assumed to be quadratic in the fermi operators (neglecting electron correlations), the contacts are modeled as continua of free charge carriers, the radiation field is expanded in a photon flux goes from system (molecule) into bath (radiation field modes).
Expanding the fluxes in the light-matter interaction
The perturbative expansion is developed around the zero-order HamiltonianĤ 0 . Standard nonequilibrium Green's function theory (NEGF) aims at calculating the electron and photon
Green's functions defined on the Keldysh contour in the Heisenberg picture
These satisfy set of exact coupled Dyson equations
Here Σ K (K = L, R), Σ pt and Π el are self-energies of electrons due to coupling to contact K, electrons due to coupling to radiation field modes, and photons due to coupling to the electronic subsystem.
The bilinear molecule-contacts coupling, eq 7, results in an exact expression for the self-
where
. The self-energy projections in the frequency domain are
Here r, < and > superscripts indicate retarded, lesser and greater projections, f K (E) is the Fermi-Dirac thermal distribution in the contacts.
is a dissipation matrix due to coupling to contact K, and Λ K is the Lamb shift related to to 
Diagrams for the Luttinger-Ward functional to fourth order in light-matter interactionV M,rad , eq 8, are shown in Figure 1 .
Self-energies constructed in this way are known to preserve all conservation laws in each order. [39] [40] [41] Explicit expressions for the self-energies to fourth order inV M,rad are given in the Supporting Information. We note that the diagrammatic expansion is performed in the entire V , eq 3, which includes both molecule-contacts and molecule-radiation field couplings. However, since the coupling to the contacts, eq 7, is quadratic, it is exactly resummed into the self-energy Σ K , eq 17, while the molecule-radiation interaction can be accounted for through a perturbative expansion in the light-matter interaction.
Computing the Green's functions and self-energies is a bit different for time-dependent and steady-state applications. In the former case one has to solve time-dependent problem, which consists of setting initial conditions for the Green's functions. Because of causality self-energies required for a particular time step only depend on Green's functions at earlier times. So that starting from an initial condition one is able to propagate equations of motion step-by-step. Details of time propagation were discussed in, e.g., Ref. 48 . Note that the initial condition may include either decoupled system and baths (contacts and radiation field) with sudden or adiabatic switching of the coupling, or steady-state junction (coupling to contacts switched at infinite past) subjected at time t 0 to laser pulse. Also propagation on two-dimensional time grid is extremely heavy numerically, so that approximate schemes reducing to a single time propagation were developed.
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For steady-state, coupling to both contacts and radiation field are assumed to happen in the infinite past, and particular form of the switching (sudden or adiabatic) is not important because by the time steady-state was established, transients die out. In this case we
Fourier transform the Dyson equations, Green's functions and self-energies to energy space.
Dyson equations, eqs 15-16, with self-energies, eqs S1-S2, have to be solved self-consistently until convergence starting from Green's function for, e.g., decoupled electronic and photon systems. In summary, such procedure consists of the following steps:
1. Obtain Green's functions for decoupled electrons and photons (e.g., solve problem for molecular junction in the absence of the field to get electron Green's function and assume free photon field -e.g., CW laser, for photon Green's function).
2. Use the Green's functions to evaluate the self-energies, eqs S1-S2. 
Here the trace is over molecular orbitals in eqs 25 and 27 and over radiation field modes in eqs 26 and 28. Note that the fluxes are coupled, because the self-energies entering their definitions are derived form the same Luttinger-Ward functional (see Figure 1 ). Thus, they should be treated on equal footing. This interdependence of fluxes results in charge and energy conservation (see below for a simple illustration). Note that in the usual NEGF approach the molecule-contacts coupling is switched on at the infinite past -thus minus infinity as lower limit in integrals in eqs 25-28. However, other switchings are possible.
Results and Discussion

Double-sided Feynman diagrams for the Green's functions
Below we present a double-sided Feynman diagram expansion of the fluxes, based on the diagrammatic expansion of the self-energies. It is important to stress the difference in language between Green's function (Hilbert space) and density matrix (Liouville space) formulations.
Original double-sided Feynman diagrams act in Liouville space. Corresponding construc- for more details).
We are now ready to introduce double-sided Feynman diagrams for the photon flux, eq 26.
Indeed, double-sided Feynman diagrams were originally introduced as contributions to the flux. 34 In this expression we substitute photon self-energy with its explicit expression, eq S2, separating orders of contributions to the latter. Projections of contributions of different orders will yield analog of double-sided Feynman diagrams corresponding to optical processes at the order of the diagram. For example, second order double-sided Feynman diagram results from second order contribution to Π el -first term in the right-hand-side of eq S2:
The corresponding double-sided Feynman diagrams are shown in Figure 3 . Two additional diagrams (accounted for by Im . . . in the expression above) are obtained by switching contour We note that simulating double-sided Feynman diagrams following bare perturbation expansion is not feasible also due to the fact that such expansion takes into account also decoupled diagrams which should not contribute. Complicated subtraction of terms should be performed in such expansion as was discussed in Refs. 53, 54 The problem does not appear in the present Green's function based approach. 
Numerical example
The following simulations of particle and energy fluxes illustrate the conserving character of the double-sided Feynman diagram approach. We assume a three level model representing donor-bridge-acceptor (DBA) molecular structure with donor coupled to left and acceptor to right contacts. Bridge is assumed to be weakly coupled to both contacts ( Figure 5 ). The donor and acceptor energies (ε 1 and ε 3 ) are lower than the bridge energy (ε 2 ). The system is subjected to external radiation which facilitates electron transfer from donor to bridge and from bridge to acceptor (see Figure 5) . The Hamiltonian iŝ
A similar model was used in Ref. 42 , where non-conserving character of standard tools of nonlinear optical spectroscopy was illustrated. Here we demonstrate that the present expansion satisfies conservation laws.
We focus on steady-state and check the conservation of charge
and energy
Note that the minus sign in the energy balance is due to opposite convention about flux positivity for electron fluxes (positive is flux going into the system) and photons (positive is flux going out of the system). At steady state. all fluxes eqs 25-28, are time-independent.
They can be expressed in terms of Fourier transforms of corresponding Green's functions and self-energies as (K = L, R)
The radiation field is described as set of modes (oscillators). populated by CW laser characterized by its frequency ω 0 , intensity N 0 , and bandwidth δ, so that the population
Further details of the steady-state simulation can be found in Ref. 42 .
The simulation parameters are (all numbers are given in terms of arbitrary unit of energy
1 are electron escape rates from donor, bridge and acceptor into left and right contacts. γ 0 = 0.1 is energy escape rate from the molecule into radiation field modes. The molecule is subjected to external laser radiation with frequency ω 0 = 7 and width δ = 0.1.
The laser frequency is chosen at resonance for the transition between bridge and acceptor.
Fermi energy is taken as the origin, E F = 0, and bias is assumed to be applied symmetrically,
Simulations were performed on energy grid spanning region from −15
to +15 with step 0.01. Self-consistent NEGF simulation was assumed to converge when 
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